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wanted: more robust, efficient, and principled solver

problem: AMG designed for basic problems

problem: AMG does not scale

problem: no sense of optimality in AMG

algebraic multilevel projections



show the potential for AMG

highlight optimality

high-performance progress

goal: strengthen and increase applicability 
through the Joint Lab



Multilevel view

attenuate high energy quickly with with relaxation
attenuate low energy error through coarse-grid correction
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solve coarse problem

Ax = b x ← x+ Pecoarse



• aggregation: groups of fine nodes form coarse nodes

• an initial interpolation pattern

• find an optimal interpolation operator       that contains low energy

• cycle:

AMG Framework

P

fine: 15
coarse: 3

x ← x+ P (PTAP )−1PT r

x ← x+ PA−1
coarseP

T r



AMG Components: what we need

• an idea of the low energy: physics, training, intuition

• a strength measure to determine strong node couplings

• a parallel aggregation method

• low complexity, optimal interpolation

• better cycling

- richer coarse grids

- “parallel” cycling
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Evolution Measure

1. drop point source at a node

2. evolve/diffusion point source with

3. evaluate diffusivity at neighbors in comparison to known low energy 
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• efficient

• parameter insensitive

• Euler flow

• wave problems

• high-order

• discontinuous elements

• need to push to more 
complex problems

*** Olson, Schroder, Tuminaro, A new perspective 
on strength measures in algebraic multigrid, 2009



Flexible aggregation

• we use two approaches: 

1. MIS(2): parallel coarse grids == serial coarse grids

2. shortest-path: ability to tune bandwidth

*** Bell, Olson, Lloyd Aggregation, 2008
*** Bell, Dalton, Olson, AMG on the GPU, 2010

• need to combine

• need to develop 
autotuning for 
heterogeneous archs



optimizing energy

•        should have low energy                          
(low     -norm or           -norm)

1.  determine sparsity pattern

2.  minimize energy column-wise (parallel)

P
A A∗A

std. opt.

1/64 >150 24

1/128 >150 28

1/256 >150 33

1/512 >150 33

h

*** Olson, Schroder, Tuminaro,  A general interpolation 
strategy for algebraic multigrid using energy-
minimization, 2010.

• need to push toward 
more demanding non-
symmetric applications

• need a formal non-
symmetric process



Wave problems (Helmholtz)

• AMG problem: standard “low energy” 
modes (constant) break Nyquist rate

• answer: introduce wave modes at all levels eiωx

level 1:

level 2:

eiω cos(θ)x+sin(θ)y
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infuse wave modes:

adapt to grid through relaxation:

optimize interpolation: �P�A∗A

multiple wave modes:



pgmres iterations, complexity

*** Olson, Schroder,  A smoothed aggregation 
multigrid method for Helmholtz problems, 2010.

• need to extend to Maxwell 
equations

• need to test robustness for lossy 
media

left singular vector

injected mode



High-order discontinuous Galerkin

• different types of d.o.f.

• loss of locality

• increase in condition number

• most heuristics in AMG break 
down
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*** Olson, Schroder, Smoothed aggregation multigrid 
solvers for high-order discontinuous galerkin methods, 
2010.



High-order discontinuous Galerkin: Poisson

1 3 5 7 9 11p
0

25

50

75

Ite
ra

tio
ns

Jacobi, Dist–Classic
Jacobi, Dist–Evol
En-Min, Dist–Classic
En-Min, Dist–Evol

key ingredients:
• conforming aggregations step
• adapt the near null space
• optimal interpolation
needs:
• extend to Maxwell equations



AMG on the GPU

need for acceleration

multicore difficult to optimize for AMG

efficient GPU kernels: SpMV



• Cusp (Cuda) framework

• have developed hooks for 
use with Jumpshot

• target: setup+solve < 1sec 
1M dof problem

• host: many seconds

AMG on the GPU

*** Bell, Dalton, Olson, AMG on the GPU



Solve phase

• relies on fast SpMV
• performance hit: GPU kernel 

launches

• performance hit: transfer
• Device: likes sparsity
• host: likes density

1M node example, 100 iterations

Host time 17983.4 ms 

Device time 3029.1 ms

6 times faster on device



AMG Solve phase: parallel operations

Presmooth

Compute	
  Residual

Restrict

Prolongate

Correct

Postsmooth

Vector
Arithme7c

Sparse	
  
Matrix-­‐Vector

Mul7ply

Solve	
  Coarse

Coarse	
  Grid	
  Solver
(	
  i.e.	
  LU)

O(nnz)O(n)



Sparse Mat-Vec

?

Ak-­‐1,Rk-­‐1,Pk-­‐1

Ak,Rk,Pk

A0,R0,P0

A1,R1,P1

Large	
  number	
  of	
  nonzeros.	
  	
  Does	
  not	
  
fit	
  in	
  cache.	
  	
  Bandwidth	
  is	
  cri7cal.	
  	
  
High	
  speedup	
  factors	
  on	
  device.	
  	
  
Speedup	
  dependent	
  on	
  sparsity	
  
paRern,	
  data	
  structure,	
  etc.

Unknown	
  level	
  where	
  performance	
  on	
  
device	
  performs	
  on	
  par	
  or	
  worse	
  than	
  

host.

Small	
  number	
  of	
  nonzeros.	
  Higher	
  
density.	
  Device	
  is	
  slower	
  than	
  host.



Setup phase

• strength of connection

• aggregation

• tentative interpolation

• smoothed interpolation

• transpose

• Galerkin triple product

• relaxation

Host time 4558.97 ms 

Device time 716.86 ms

6 times faster on device

1M node example



Setup Phase



collaboration: E&M



collaboration: E&M



Nachos team, Domain Decomposition



Nachos team, Domain Decomposition



directions for collaboration


